
Localization for Mobile Robot Teams Using Maximum Likelihood Estimation

Andrew Howard, Maja J Matarić and Gaurav S Sukhatme
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Abstract

This paper describes a method for localizing the members
of a mobile robot team, using only the robots themselves
as landmarks. That is, we describe a method whereby
each robot can determine the relative range, bearing and
orientation of every other robot in the team, without the
use of GPS, external landmarks, or instrumentation of
the environment. Our method assumes that each robot
is able to measure the relative pose of nearby robots, to-
gether with changes in its own pose; using a combination
of maximum likelihood estimation (MLE) and numerical
optimization, we can subsequently infer the relative pose
of every robot in the team. This paper describes the basic
formalism, its practical implementation, and presents ex-
perimental results obtained using a team of four mobile
robots.

1 Introduction

This paper describes a method for localizing the members
of a mobile robot team, using only the robots themselves
as landmarks. That is, we describe a method whereby
each robot can determine the relative range, bearing and
orientation of every other robot in the team, without the
use of GPS, external landmarks, or instrumentation of the
environment. Our approach is motivated by the need to
localize robots in hostile and sometimes dynamic envi-
ronments. Consider, for example, a search-and-rescue
scenario in which a team of robots must deploy into a
damaged structure, search for survivors, and guide res-
cuers to those survivors. In such environments, local-
ization information cannot be obtained using GPS or
landmark-based techniques: GPS is generally unavail-
able or unreliable due to signal obstructions or multi-path
effects, while landmark-based techniques require prior
models of the environment that are either unavailable, in-
complete or inaccurate. In contrast, by using the robot
themselves as landmarks, the method described in this
paper can generate good localization information in al-
most any environment, including those that are undergo-
ing dynamic structural changes. Our only requirement is
that the robots are able to maintain at least intermittent
line-of-sight contact with one-another.

We make three basic assumptions. First, we assume that
each robot is equipped with a proprioceptive motion sen-
sor such that it can measure changes in its own pose.
Suitable motion sensors can be constructed using either
odometry or inertial measurement units. Second, we as-
sume that each robot is equipped with a robot sensor such
that it can measure the relative pose and identity of nearby
robots. Suitable sensors can be constructed using ei-
ther vision (in combination with color-coded markers) or
scanning laser range-finders (in combination with retro-
reflective tags). We further assume that the identity of
robots is always determined correctly, which eliminates
what would otherwise be a combinatorial labeling prob-
lem. Finally, we assume that each robot is equipped with
some form of transceiver that can be used to broadcast
information back to a central location, where the local-
ization is performed. Standard 802.11b wireless network
adapters can be used for this purpose. We note in passing
that while the implementation described in this paper is
entirely centralized, distributed implementations are also
possible; see [8].

Given these assumptions, the team localization problem
can be solved using a combination of maximum likeli-
hood estimation and numerical optimization. The basic
method is as follows. First, we construct a set of esti-
mates H = {h} in which each element h represents a
pose estimate for a particular robot at a particular time.
These pose estimates are defined with respect to some ar-
bitrary global coordinate system. Second, we construct a
set of observations O = {o} in which each element o rep-
resents an observation made by either a motion sensor (in
which case o is the measured change in pose of a single
robot) or a robot sensor (in which case o is the measured
pose of one robot, relative to another). Finally, we use
numerical optimization to determine the set of estimates
H that is most likely to give rise to the set of observations
O.

Note that, in general, we do not expect robots to use
the set of pose estimates H directly; these estimates are
defined with respect to an arbitrary coordinate system
whose relationship with the external world is undefined.
Instead, each robot uses these estimates to compute the
relative pose of the other robots, and uses this ego-centric
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viewpoint to coordinate activity

In the remainder of this paper, we describe the basic for-
malism, its practical implementation, and present results
from a controlled experiment conducted with a team of
four mobile robots.

2 Related Work

Localization is an extremely well studied area in mobile
robotics. The vast majority of this research has concen-
trated on two problems: localizing a single robot using
an a priori map of the environment [10, 14, 4], or lo-
calizing a single robot while simultaneously building a
map [16, 11, 17, 2, 5, 1]. Recently, some authors have
also considered the related problem of map building with
multiple robots [15]. All of these authors make use of
statistical or probabilistic techniques; the common tools
of choice are Kalman filters, maximum likelihood esti-
mation, expectation maximization, and Markovian tech-
niques (using grid or sample-based representations for
probability distributions). The team localization problem
described in this paper bears many similarities to the si-
multaneous localization and map building problem, and
is amenable to similar mathematical treatments. In this
context, the work of Lu and Milios [11] should be noted.
These authors describe a method for constructing glob-
ally consistent maps by enforcing pairwise geometric re-
lationships between individual range scans; relationships
are derived either from odometry, or from the compari-
son of range scan pairs. MLE is used to determine the
set of pose estimates that best accounts this set of rela-
tionships. Our mathematical formalism is very similar to
that described by these authors, even thought it is directed
towards a somewhat different objective, i.e., the localiza-
tion of mobile robot teams, rather than the construction
of globally consistent maps.

Among those who have considered the specific problem
of team localization are [13] and [3]. Roumeliotis and
Bekey present an approach to multi-robot localization
in which sensor data from a heterogeneous collection of
robots are combined through a single Kalman filter to es-
timate the pose of each robot in the team. It should be
noted, however, that this method still relies entirely on
external landmarks; no attempt is made to sense other
robots or to use this information to constrain the pose
estimates. In contrast, Fox et al. describe an approach
to multi-robot localization in which each robot maintains
a probability distribution describing its own pose (based
on odometry and environment sensing), but is able to
refine this distribution through the observation of other
robots. This approach extends earlier work on single-
robot probabilistic localization techniques [4]. The au-
thors avoid the curse of dimensionality (for N robots,
one must maintain a 3N dimensional distribution) by fac-
toring the distribution into N separate components (one
for each robot). While this step makes the algorithm
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Figure 1: An illustration of the basic formalism. The fig-
ure shows two robots, r1 and r2, traveling from left to
right and observing each other exactly once. The robots’
activity is encoded in the graph, with nodes representing
pose estimates and arcs representing observations. Two
observations are highlighted: a motion observation for
robot r1 (between times t1 and t2) and a robot observa-
tion at time t2 (between robots r1 and r2).

tractable, it also results in some loss of expressiveness.

Finally, a number of authors [9, 12, 6] have considered
the problem of team localization from a somewhat differ-
ent perspective. These authors describe cooperative ap-
proaches to localization, in which team members actively
coordinate their activities in order to reduce cumulative
odometric errors. While our approach does not require
such explicit cooperation on the part of robots, the ac-
curacy of localization can certainly be improved by the
adoption of such strategies; we will return to this topic
briefly in the final sections of the paper.

3 Formalism

We formulate the team localization problem as follows.
Let h denote the pose estimate for a particular robot at a
particular time, and let H = {h} be the set of all such
estimates. Similarly, let o denote an observation made
by some sensor, and let O = {o} be the set of all such
observations. Our aim is to determine the set of estimates
H that maximizes the probability of obtaining the set of
observations O; i.e., we seek to maximize the conditional
probability P (O | H). If we assume that observations are
statistically independent, we can write this probability as:

P (O | H) =
∏

o∈O

P (o | H) (1)

where P (o | H) is the probability of obtaining the indi-
vidual measurement o, given the estimates H . Taking the
log of both sides, we can rewrite this equation as:

U(O | H) =
∑

o∈O

U(o | H) (2)

where U(O | H) = − log P (O | H) and U(o | H) =
− log P (o | H). This latter form is somewhat more effi-
cient for numerical optimization. Our aim is now to find
the set of estimates H that minimizes U(O | H).



We make the following definitions. Let each estimate h

be denoted by a tuple of the form h = (q̂; r, t) where q̂

is the absolute pose estimate for robot r at time t. Note
that it is the value of q̂ that we are trying to estimate;
r and t are constants used for book-keeping purposes
only. Let each observation o be denoted by a tuple of
the form o = (µ,Σ; ra, ta; rb, tb) where µ is the mea-
sured pose of robot rb at time tb, relative to robot ra at
time ta; henceforth, we will refer to µ as a relative pose
measurement. The Σ term is a covariance matrix repre-
senting the uncertainty in this measurement. Recall that
each robot is assumed to be equipped with both motion
and robot sensors. Each measurements from the motion
sensors can be encoded using an observation of the form
o = (µ,Σ; ra, ta, ra, tb) where µ is the measured change
in pose for robot ra between times ta and tb. Similarly,
each measurement from the robot sensors can be encoded
using an observation of the form o = (µ,Σ; ra, ta, rb, ta)
where µ is the measured pose of robot rb relative to robot
ra, for a measurement taken at time ta.

One can visualize these definitions using a directed
graph, as shown in Figure 1. We associate each esti-
mate h with a node in the graph, and each observation o

with an arc. Each node may have both outgoing arcs, cor-
responding to observations in which the node is the ob-
server, and incoming arcs, corresponding to observations
in which the node was the observee. Motion observations
join nodes representing the same robot at two different
points in time, while robot observations join nodes repre-
senting two different robots at the same point in time, as
indicated in the figure.

If we assume that the measurement uncertainties are nor-
mally distributed, the conditional log-probability U(o |
H) must be given by the quadratic expression:

U(o | H) =
1

2
(µ − µ̂)TΣ(µ − µ̂) (3)

where µ is the relative pose measurement defined above,
and µ̂ is the corresponding relative pose estimate; i.e. µ̂ is
the estimated pose of robot rb at time tb, relative to robot
ra at time ta. The relative pose estimate µ̂ is derived
from a pair of absolute pose estimates q̂a and q̂b via some
coordinate transformation Γ:

µ̂ = Γ(q̂a, q̂b) (4)

where q̂a and q̂b describe the absolute pose estimates for
robot ra at time ta, and robot rb at time tb, respectively.
The specific form of Γ depends on the dimensionality of
the localization problem (e.g., 2D versus 3D) and on the
particular representation chosen for both absolute and rel-
ative poses (e.g., Cartesian versus polar coordinates, or
cylindrical versus spherical coordinates).

Given Equations 2 and 3, together with an appropriate
definition for Γ, one can determine the set of poses q̂

that minimizes U(O | H) using standard numerical op-
timization techniques. The selection of an appropriate
algorithm is driven largely by the form of Γ, which is
generally non-linear but differentiable. This rules out fast
linear techniques, but does permit gradient-based tech-
niques such as steepest descent or conjugate gradient al-
gorithms. In practice, we have found both these algo-
rithms to be highly effective, with the conjugate gradi-
ent algorithm having the advantage of being significantly
faster (albeit at the expense of greater complexity).

The formalism described above is quite general, and can
be applied to localization problems in two, three, or
more dimensions. The specific problem of localization
in a plane (in which robots have two degrees of transla-
tional freedom and one of rotation) can be solved using
a straight-forward application of this general formalism;
see [7] for details.

3.1 Practical Implementation

Since the dimensionality of optimization problem that
must be solved scales linearly with the size of H , and
the computational cost of each step in this optimization
process scales linearly with the size of O, it is necessary,
in practice, to bound both the number of estimates in H

and the number of observations in O. We use three ba-
sic methods for constraining the size of these sets: we
remove any estimates or observations that have exceeded
a certain age, we discard similar observations, and we
limit the rate at which pose estimates are generated. The
first two methods are both simple and well-defined; in-
formation that is very old or highly repetitive can often
be discarded with minimal impact on localization accu-
racy. The third of these methods, however, is somewhat
more complicated, and involves some extensions to the
formalism described in the previous section. Rather than
attempting to estimate the pose of each robot at every
point in time, we instead estimate the pose of each robot
at only a few discrete points in time, and use information
from the motion sensors to ‘fill the gaps’ between these
estimates. In effect, we assume that the motion sensors
produce relatively good pose estimates that only require
occasional corrections.

Let p̂ be the interpolated pose estimate for robot r at time
t; this estimate is given by:

p̂ = Γ−1(q̂,m) (5)

where q̂ is the most recent absolute pose estimate for
robot r in H , and m is the measured change in pose that
has occurred since that estimate was generated; Γ−1 is a
coordinate transformation that maps from relative to ab-
solute coordinates. This definition is illustrated in Figure
2. With this extension, most of the observations made
by the robots will not occur at the times represented by
the pose estimates in H . We must therefore extend our
observation model by modifying definition of µ̂ given in
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Figure 2: An illustration of the extended formalism. The
figure shows two robots, r1 and r2, traveling from left to
right and observing each other exactly once. The robots’
activity is encoded in the graph, with nodes representing
pose estimates and arcs representing observations. Also
shown are the interpolated pose estimates p̂1 and p̂2 for
each of the robots at time t.

Equation 4. Specifically, we must replace the absolute
pose estimates (q̂a, p̂b) with interpolated pose estimates;
i.e.:

µ̂ = Γ(p̂a, p̂b) (6)

where p̂a and p̂b are the interpolated pose estimates for
robot ra at time ta and robot rb and time tb, respectively.

This extended formalism has the attractive feature of al-
lowing us approximate the information provided by the
motion sensors to an arbitrary degree of fidelity (rather
than simply discarding the information). Thus we are
free to trade-off dimensionality (and hence optimization
speed) against localization accuracy.

4 Validation Experiment

We have conducted a controlled experiment aimed at de-
termining the accuracy of the team localization algorithm
described in this paper. The experiment was conducted
using a team of four Pioneer 2DX mobile robots equipped
with SICK LMS200 scanning laser range-finders. Each
robot was also equipped with a pair of retro-reflective
‘totem-poles’ as shown in Figure 3(a). These totem-poles
can be detected from a wide range of angles using the
SICK lasers (which can be programmed to return inten-
sity information in addition to range measurements). This
arrangement allows each robot to detect the presence of
other robots and to determine both their range (to within
a few centimeters) and bearing (to within a few degrees).
Orientation can also be determined to within a few de-
grees, but is subject to a 180◦ ambiguity. This arrange-
ment does not allow individual robots to be identified.
Given the ambiguity in both orientation and identity, it
was necessary to manually label the data for this experi-
ment.

The team was placed into the environment shown in Fig-
ure 3(b) and each robot executed a simple wall following

algorithm. Two robots followed the inner wall, and two
followed the outer wall. The robots were arranged such
that at no time were the two robots on outer wall able to
directly sense each other. The structure of the environ-
ment was modified a number of times during the course
of the experiment. At time t = 265 sec, for example, the
inner wall was modified to form two separate ‘islands’,
with one robot circumnavigating each. The original struc-
ture was later restored, then broken, then restored again.

The accuracy of the algorithm was determined by com-
paring the robot’s relative pose estimates with their cor-
responding true values (as determined by an external
ground-truth system). Thus, we define the average range
error εr to be:

ε2r(t) =
1

N(N − 1)

∑

ra

∑

rb

(µ̂r − µ̄r)
2 (7)

where µr is the estimated range of robot rb relative to
robot ra at time t, and µ̄r is the true range of robot rb rel-
ative to robot ra at the same time. The summation is over
all pairs of robots and the result is normalized by the num-
ber of robots N to generate an average result. One can de-
fine similar measures for the bearing error εψ and orienta-
tion error εφ. Collectively, these error terms measure the
average accuracy with which robots are able to determine
each other’s relative pose. Note that we make no attempt
to compare the absolute pose estimates {h} against some
‘true’ value; these estimates are defined with respect to
an arbitrary coordinate system which renders such com-
parison meaningless.

The qualitative results for this experiment are summa-
rized in Figure 4, which contains a series of ‘snap-shots’
of the experiment. Each snap-shot shows the estimated
pose of the robots at a particular point in time, overlaid
with the corresponding laser scan data. Note that these
are snap-shots of live data, not cumulative maps of stored
data. At time t = 0, the relative pose of the robots is
completely unknown, the snap-shot at this time is there-
fore incoherent; the pose of the robots is largely random,
and the laser scans are completely mis-aligned. In the
interval 0 < t < 12 sec, the robots commence wall
following. The robots Fly and Comet follow the outer
wall, while Bee and Bug follow the inner wall. By time
t = 12 sec, both of the robots following the outer wall
have observered both of the robots following the inner
wall. As the snap-shot from this time indicates, there
is now sufficient information to fully constrain the rela-
tive poses of the robots, and to correctly align the laser
scan data. It should be noted that the two robots on
the outer wall can correctly determine each other’s pose,
even though they have never seen each other. At time
t = 265 sec, the environment is modified, with the inner
wall being re-structured to form two separate islands. The
two robots following the inner wall now follow different
paths, but the localization is unaffected, as shown in the
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Figure 3: (a) A Pioneer 2DX equipped with a SICK LMS200 scanning laser range-finder and a pair of retro-reflective
totem-poles. (b) The arena for the experiment; the central island is constructed from partitions that can be re-arranged
during the course of the experiment. The dimensions of the environment are 7m × 5m. (c) Robot behavior: robots Fly
and Comet follow the outer wall, robots Bee and Bug follow the inner wall(s).

fly

comet

bee

bug

fly

comet

bee

bug

fly

comet

bee

bug

(a) t = 0 sec (b) t = 12 sec (c) t = 272 sec

Figure 4: Experimental snap-shots. Each sub-figure shows the estimated pose of the robots at a particular point in time,
with the corresponding laser scan data overlaid. Arrows denote the observation of one robot by another. Note that these
are snap-shots of live data; they are not cumulative maps of stored data.

snap-shot at time t = 272 sec. The algorithm described
in this paper is completely indifferent to such structural
changes in the environment.

The quantitative results for this experiment are summa-
rized in Figure 5, which plots the average range, bearing
and orientation errors for the team. At time t = 0 sec, the
relative pose of the robots is completely unknown, and
the errors are consequently high. By time t = 20 sec,
however, the robots have gathered sufficient information
to fully constrain their relative pose, and the errors have
fallen to more modest values. Over the duration of the ex-
periment, the range error oscillates around 5.5 ± 5.2 cm,
while the bearing and orientation errors oscillate around
1.7 ± 0.7◦ and 1.9 ± 0.6◦ respectively.

The magnitude of these errors can be attributed to two
key factors. First, there is some uncertainty in the relative
pose measurements made by the laser-range-finder/retro-
reflector combination. These uncertainties are difficult
to characterize precisely, but are of the order of ±2.5 cm.
Second, and more significantly, there are uncertainties as-
sociated with the temporal synchronization of the laser
and odometric measurements. Our low-level implemen-
tation is such that the time at which events occur can only
be measured to the nearest 0.1 s; in this time, the robot

may travel 2 cm and/or rotate through 3◦, which will sig-
nificantly affect the results.

We ascribe the variation seen in the error plots to two
different factors. First, we expect that the error will rise
during those periods in which the robots cannot see each
other and localization is reliant on odometry alone. The
odometric accuracy of the robots used in this experiment
varies from quite good to quite poor: drift rates for orien-
tation vary from 2.5◦/revolution on Fly to 30◦/revolution
on Bug. Second, we expect that errors will fall dur-
ing those periods when robots are observing one another.
This fall, however, may be proceeded by a ‘spike’ in the
error term; this spike is an artifact produced by the opti-
mization algorithm, which may take several cycles (each
cycle is 0.1 s) to incoporate the new data and generate
self-consistent results.

Finally, we note that there is a major spike in the plot at
around t = 300 sec. This spike corresponds to a colli-
sion that occurred between robots Bee and Bug follow-
ing the first structural change in the environment. As a
result of this collision, the robots had to be manually re-
positioned, leading to gross errors in both robot’s odom-
etry. Nevertheless, as the plot indicates, the system was
able to quickly recover.
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Figure 5: Plots showing the relative pose error as a function of time. The three plots show the average range, bearing
and orientation errors, respectively.

5 Conclusion

The experiment described in the previous section val-
idates several key capabilities of the team localization
method described in this paper. The method does not re-
quire external landmarks, it does not require any of the
robots to remain stationary. it is robust to changes in the
environment, and robots can use transitive relationships
to infer the pose of robots they have never seen. In addi-
tion, the accuracy of the localization – while not outstand-
ing – is certainly good enough to facilitate many forms of
coorperative behavior.

Several aspects of both the general method require fur-
ther experimental analysis. For example, we have not yet
analyzed the impact of local minima (which necessarily
plague any non-trivial numerical optimization problem)
and we have not fully characterized the scaling properties
of the algorithm (although we have previously demon-
strated this algorithm working in simulation with up to
20 robots [7]).

In closing, we note that the mathematical formalism pre-
sented in this paper can be extended in a number of in-
teresting directions. We can, for example, define a co-
variance matrix that measures the relative uncertainty in
the pose estimates between pairs of robots. This matrix
can then be used as a signal to actively control the behav-
ior of robots. Thus, for example, if two robots need to
cooperate, but their relative pose is not well known, they
can undertake actions (such seeking out other robots) that
will reduce this uncertainty.
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